The experimental time scale dependence of thermodynamical relations in nonequilibrium systems with slow dynamics is considered theoretically by using only the scaling law of the two-time correlation function and the generalized fluctuation-dissipation theorem. We show that there are two experimental time regimes characterized by different thermal properties. In the first regime where the waiting time is much longer than the measurement time, usual thermodynamical relations hold even though a system is out of equilibrium. In the second regime where both the measurement time and the waiting time are large, contrary to a fundamental assumption of thermodynamics, the quasistatic work depends on the pathway of changing the external field even when the waiting time is infinite.
I. INTRODUCTION
Glassy systems like spin-glasses and structural glasses below the critical temperature are out of equilibrium even on the macroscopic time scale. Thus, the slow dynamics of glassy systems has been a subject of continuous interest in the past years [1] . Experimentally, the slow dynamics is characterized by very slow relaxation and aging phenomena, i.e., the property that one-time quantities like the energy, magnetization, etc., are asymptotically close to time-independent values, whereas two-time quantities, like the autocorrelation functions and their associated linear response functions, continue to vary and depend on the time elapsed after the quench, which is called the waiting time, even for long times [2] . Aging is a sign that these systems are out of equilibrium.
Aging, defined in this way, appears also in mean field models of spin-glasses and does not disappear even in infinite waiting time limit [3, 4] . It implies that aging is not due to insufficient length of the waiting time and that glassy systems never reach true equilibrium and they are beyond the scope of thermodynamics and statistical mechanics. Hence, a dynamical description considering experimental time scale explicitly is necessary for glassy systems.
As information to construct a dynamical description was accumulated, it was found that the slow dynamics has some universal properties. The analysis of some mean field models of spin-glasses [3] has suggested that the usual fluctuation-dissipation theorem (FDT) between the correlation C(t, t ′ ) and the response function R(t, t ′ ) should be modified in a well-defined way. The usual FDT holds when the waiting time is much longer than the time difference t − t ′ , whereas the modification, which involves the rescaling of the temperature, is needed when both the waiting time and the time difference are large [5] . The modification was found to be valid also for other glassy systems: spin-glass models with finite-range interactions [6] , real spin-glasses [7] , structural glasses [8] [9] [10] and a model of phase separation [11] . In addition, it has been known that when both the waiting time and the time difference are long, the correlation function C(t, t ′ ) obeys the scaling law that it depends on t and t ′ only through the value of ξ(t)/ξ(t ′ ), where ξ(t) is a model-dependent function. The modification of the FDT and the scaling law of the correlation function imply that properties of the work done by modulating an external field in an isothermal process and its thermodynamical relations are completely different from the usual ones and they strongly depend on experimental time scales, since the work is given by the response function. Hence, the experimental time scale dependence of the thermodynamical properties of glassy systems should be investigated.
In order to describe our goal precisely, we recapitulate thermodynamics for an isothermal process. Thermodynamics tells that when we quasistatically change the external field the work needed for the change is independent of a pathway to change the external field and equal to the change of the Helmholtz free energy; whereas the deviation from the quasistatic work is positive when the change is not quasistatic, which is a consequence of the second law of thermodynamics.
We show in this paper that the properties described above do not hold in systems with slow dynamics even when the waiting time is infinite. More precisely, there are two experimental time regimes characterized by different thermal properties. The first regime is a time-domain where the waiting time is much longer than the time lapse of the process, which we call the measurement time. In this regime, usual thermodynamical relations described above hold even though a system is out of equilibrium. In the second regime where both the measurement time and the waiting time are long, contrary to the consequences of usual thermodynamics described above, the quasistatic work depends on the pathway of changing the field even when the waiting time is infinite.
In Sec. II, we describe an isothermal process considered in this paper and introduce the two time regimes which characterize the experimental time scales and play a significant role in this paper. In Sec. III, we see that in the first time regime, usual thermodynamical relations hold even though the system is out of equilibrium; the value of the quasistatic work is different from that of the change of the free energy when ergodicity is broken; the long-time behavior of the deviation from the quasistatic work is determined by that of the correlation function. In Sec. IV, we show that in the second time regime, even the quasistatic work does depend on the pathway of changing the external field as a consequence of the modification of the FDT and the scaling law of the correlation function. Observability of this pathwaydependence of the quasistatic work is also argued. Our conclusions are summarized in Sec. V, where implications of our results on thermodynamics of glassy systems and experimental protocols to observe quasiequilibrium properties are discussed.
II. AN ISOTHERMAL PROCESS AND TWO TIME REGIMES
We describe an isothermal process to consider thermodynamical properties when aging occurs. The simplest way to observe aging phenomena is through the zero-field cooling (ZFC) process where a sample is cooled in zero field to a sub-critical temperature at time 0 and after a waiting time t w a small field is applied [12] . The field is changed according to a given protocol H(t) up to a time t w + △t, where H(t = 0) = 0 and H(t = t w + △t) = △H are assumed. We refer to △t, the time lapse of the change of the field, as the measurement time. The waiting time t w and the measurement time △t characterize the experimental time scales.
When the field is weak so that the response is linear, the work W done on the sample during the process is given in terms of the response function R(t, t ′ ) by
For feasibility of showing long time behavior, we rewrite in terms of a susceptibility χ(t, t ′ ) instead of the response function by integration by part as follows:
where the susceptibility is defined as
In order to discuss the dependence of the work on the waiting time and the measurement time, we rewrite the expression of the work by the transformations: t → s ≡ (t − t w )/△t, which implies that the dependence of the work on the experimental time scales is determined by that of the susceptibility. In order to discuss behavior of the susceptibility when aging occurs, we recapitulate the long-time behavior of the response function referred to in the previous section. It has been known that there are two time regimes characterized by different behavior of the correlation function C(t, t ′ ) and the FDT [5] . At long times t and t ′ , such that t − t ′ ≪ t ′ , the correlation function is the function of only the time difference t − t ′ , i.e., the time-translational invariance (TTI) holds. Although the sample is out of equilibrium, the usual FDT holds [13] as
where C(τ ) is defined as lim t→∞ C(τ + t, t). Whereas, at long and well-separated times, such that t − t ′ ∼ t ′ , the correlation function behaves as a function of ξ(t ′ )/ξ(t), where ξ(t) is a model-dependent function. This scaling law implies no TTI. In addition, the FDT is modified by introducing the FDT violation factor X as
where X is a function which depends on t, t ′ only through the value of the correlation function C(t, t ′ ). Thus, a system cannot be considered to be in a quasiequilibrium state, since the usual FDT is strongly violated. The two time regimes are referred to as the quasiequilibrium regime and the aging regime.
From these results, it is shown by the definition of the susceptibility Eq. (2.3) that the behavior of the susceptibility depends on the time regimes according to the dependence of the behavior of the response function. In the quasiequilibrium regime, the susceptibility depends only on the time difference τ ≡ t − t ′ and is given by the correlation function as
Whereas, in the aging regime, TTI does not hold and the susceptibility is given by the correlation function as
It implies that the susceptibility is a function of the correlation function. Since the difference of the two arguments of the susceptibility in Eq. (2.4) is (s 1 − s 2 )△t, there are also two time regimes characterized by different dependence of the work on the experimental time scales, i.e., △t and t w . When the waiting time is much longer than the measurement time (△t ≪ t w ), the susceptibility which appears in Eq. (2.4) obeys Eq. (2.7) since (s 1 − s 2 )△t ≪ s 2 △t + t w holds. Hence, from Eqs. (2.4) and (2.7) the work in this regime is written as
In the derivation,
for any pathway h(s) is used. On the other hand, when both the waiting time and the measurement time are long and of same order (△t ∼ t w ), the susceptibility obeys Eq. (2.8) since (s 1 − s 2 )△t ∼ s 2 △t + t w holds [15] . In this regime, it is seen from Eq. (2.8) that the work is a functional of the correlation function which obeys the scaling law that C(t, t ′ ) is a function of ξ(t ′ )/ξ(t). We will refer to the former case as the quasiequilibrium regime and the latter case as the aging regime without any confusion with the time regimes characterized by the behavior of correlation and the response function.
III. THE WORK IN THE QUASIEQUILIBRIUM REGIME
In this section, we investigate the properties of the work done on the sample when the measurement time △t is short with respect to the long waiting time t w , i.e., the quasiequilibrium regime.
A. The quasistatic work
First, we derive the work in the quasistatic process limit. Since for the quasistatic process the time lapse of the process is infinity, the quasistatic work of the quasiequilibrium regime is given by taking the limit △t → ∞ after taking the infinite waiting time limit of Eq. (2.9). Since the integrant, the correlation function, is finite, the order of limit and integration can be changed. Thus, we can write the quasistatic work as
Here, in order to give the expression of the quasistatic work, we introduce the dynamical Edwards-Anderson (EA) order parameter defined as
Noting Eq. (2.10) and the above definition, the quasistatic work W qs is given by
Therefore, the quasistatic work of the quasiequilibrium regime is the difference of a state function, since the right hand side of Eq. (3.3) is independent of the pathway of changing the field, h(s). It is important to note that this property is derived only by the FDT.
On the other hand, from statistical mechanics with the assumption of ergodicity, the change of the Helmholtz free energy is given by −(△H) 2 (C(0) − q)/2k B T where q denotes the usual EA order parameter. Hence, when ergodicity is broken the value of the quasistatic work is larger than the change of the Helmholtz free energy, since the usual EA order parameter is smaller than the dynamic EA order parameter [16] .
B. The deviation from the quasistatic work
We discuss the properties of the deviation from the quasistatic work, when the measurement time is finite ,i.e, the process is not quasistatic. From Eqs. (2.9) and (3.3), the deviation is given by
> q when △t is finite, since the correlation function is monotone decreasing. Hence, the deviation from the quasistatic work is positive for any pathway of changing the field, when the measurement time is finite. Although our result is very similar to the consequence of thermodynamics which tells the work is larger than the change of the Helmholtz free energy for non-quasistatic process, our result is different and beyond the scope of thermodynamics since in our discussion the initial state and the final state of the process are out of equilibrium and the value of the quasistatic work is different from the value of the Helmholtz free energy when ergodicity is broken.
C. Long measurement time behavior of the deviation
Next, we show that the behavior of the deviation when the measurement time △t is long but finite is determined by the long time behavior of the correlation function. We describe below the results for four types of behavior of the correlation function which include almost all types of relaxation of the correlation, e.g., the exponential, the power law [17] , the logarithmic [18] and the stretched exponential relaxation [19] . The derivations are given in Appendix.
When the correlation function behaves as lim
where
and W qs denotes the quasistatic work. This case includes the power law relaxation such that C(τ ) ≃ q + cτ −α when α > 1 and the stretched exponential relaxation (exp(−aτ n ), 0 < n < 1) as well as the exponential relaxation [20] .
Above two results show that W −W qs is proportional to the inverse of the measurement time only when lim τ →∞ τ [C(τ )−q] = 0. In the above two cases, the deviation from the quasistatic work takes the minimum value when the field increases linearly as h(s) = s, since we assume that dh(s)/ds and d 2 h(s)/ds 2 exist.
3. When the correlation function obeys the power law relaxation, such that C(τ ) ≃ q + cτ −α (0 < α < 1), the deviation is given by
In this case, the deviation from the quasistatic value obeys the power law whose exponent is equal to the exponent of the correlation function. It is shown that the coefficient is larger than (△H) 2 c/2k B T , since 1/(s 1 − s 2 ) > 1 in the region of integration.
4. When the correlation function obeys the logarithmic relaxation C(τ ) ≃ q + c/ ln(τ ), the deviation also obeys the logarithmic relaxation as
In this case, the coefficient does not depend on the pathway h(s).
Experimentally, these results will show how long the measurement should take and the suitable pathway of changing the external field in order to determine the value of the quasistatic work, i.e., the change of the free energy when a system is ergodic.
IV. THE WORK IN THE AGING REGIME
In this section, we discuss the properties of the quasistatic work in the isothermal process when the waiting time and the measurement time are long and of same order (△t ∼ t w ), i.e., the aging regime by using the modified FDT and the scaling law of the correlation function introduced in Sec. II.
A. Pathway-dependent quasistatic work
As shown in Sec. II, in the aging regime, the work is a functional of the correlation function which obeys the scaling law that C(t, t ′ ) is a function of ξ(t ′ )/ξ(t). The quasistatic process of the aging regime is given by taking the limit △t → ∞ with fixing the value of the ratio of the measurement time to the waiting time finite, which guarantees that we consider the aging regime. The quasistatic limit always has this meaning in this section.
Noting that the order of the quasistatic limit and the integration can be changed since the susceptibility is finite, Eq. (2.4) and the scaling law of the correlation shows that the quasistatic work W qs in the aging regime is given by
Occurrence of aging implies that the function ξ(t) does not have the long time limit, lim t→∞ ξ(t). Hence, the quasistatic limit of the correlation function which appears in the integrant in Eq. (4.1) has the dependence on s 1 and s 2 . For example, when ξ(t) = t which holds in some mean field spin-glass models [3] ,
where µ denotes the ratio of the measurement time to the waiting time. Due to this dependence of the integrant on s 1 and s 2 , the quasistatic work, Eq. (4.1), depends on the pathway of changing the external field, h(s). It implies that contrary to the fundamental assumption at the heart of thermodynamics the quasistatic work is not the difference of a state function and of course is not equal to the quasistatic work obtained in the quasistatic regime. Furthermore, in order to show the more explicit form of the quasistatic work of the aging regime, we introduce the modified FDT with constant violation factor X[C(t, t ′ )] which has been verified to be valid for the spherical spin-glass models [3] and Leonard-Jones binary mixtures [9] :
3)
It holds when the time difference t − t ′ is of same order as t ′ and T ef f denotes a constant called the effective temperature [5] .
From Eq. (4.3), the susceptibility is given by
where C(0) ≡ lim t ′ →∞ C(t ′ , t ′ ). Hence, from Eq. (4.1), the quasistatic work is given by
(4.5)
Since lim C(s 1 △t + t w , s 2 △t + t w ) < q when s 1 = s 2 , the second term on the right hand side is non-zero. Hence, the quasistatic work is not the difference of a state function and is different from the quasistatic work in the quasiequilibrium regime: the first term on the right hand side of Eq. (4.5). In addition, it is also shown that since the correlation function is positive and smaller than the dynamical EA order parameter in this regime, there are bounds for the value of the quasistatic work as
Eq. (4.6) shows that the quasistatic work in the aging regime is independent of the pathway of changing the field and coincides with the quasistatic work in the quasiequilibrium regime when the effective temperature T ef f is infinite, which holds for the p = 2 spherical spin-glass model [22] and a model of phase separation [11] .
B. Observability of pathway-dependence of the quasistatic work
In the previous section, we see that the quasistatic work depends on the pathway of changing the external field when the measurement time is of same order as the waiting time. We show here that the pathway-dependence of the quasistatic work is strong enough to be observed in experiments by evaluating the pathway-dependence of the p = 5 spherical spin-glass model, whose analytic solution has been derived in part [3] .
First, we describe the several pieces of information needed to evaluate Eq. (4.5). It has been known that the scaling of the correlation function, such that C(t, t 
In order to evaluate the magnitude of the pathway dependence, we compute the relative difference between the works for two pathways (h(s) = s and h(s) = s 2 ) which is defined as the difference between the quasistatic works for the two pathways divided by the average of the two quasistatic works. The results obtained from Eq. (4.5) are as follows: When the ratio of the measurement time to the waiting time is 1 : 1, the relative difference is equal to 0.037, i.e., about 4%; When the ratio is 5 : 1, the relative difference is equal to 0.094, i.e., about 9%.
Hence, we can say that the pathway-dependence of the quasistatic work can be observed for the p = 5 spherical spin-glass model. The relative difference is plot against the ratio of the waiting time to the measurement time in Fig. 1 . It tells that contrary to intuition the pathway-dependence gets larger, as one lengthen the measurement time with fixing the waiting time.
V. DISCUSSION AND CONCLUSIONS
Summarizing our results, we have considered for systems with slow dynamics the experimental time scale dependence of the work exerted by modulating the external field during an isothermal process. We have shown that there are two experimental time regimes characterized by different behavior of the work. In the quasiequilibrium regime, the quasistatic work is the difference of a state function and the value of the quasistatic work is not equal to the change of the Helmholtz free energy obtained by statistical mechanics with the assumption of ergodicity. When the process is not quasistatic, the deviation from the quasistatic work is positive for any pathway of changing the filed and the dependence of the measurement time is determined by the behavior of the correlation function.
In the other time regime, i.e., the aging regime, contrary to a fundamental assumption of thermodynamics the quasistatic work has dependence on the pathway of changing the external field even though an infinite time passes after the quench and it has been examined that for the p = 5 spherical spin-glass model the magnitude of the pathway-dependence is strong enough to be observed in experiments. It is important to note that these results have a much wider range of validity, because they were derived without any assumption on microscopic properties of a system. First, we consider the implications of our results on thermodynamics for systems with slow dynamics. In the quasiequilibrium regime, our results are same as the consequences of thermodynamics in that the quasistatic work is independent of the pathway of changing the external field and the non-quasistatic work is larger than the quasistatic one. Only discrepancy is difference between the value of quasistatic work and that of the free energy obtained by statistical mechanics with the assumption of ergodicity. However, this discrepancy does not matter if the free energy is defined by the quasistatic work. This suggests validity of thermodynamics in the quasistatic regime even though the system is out of equilibrium.
In this paper, we consider only the properties of the work in the linear response regime. Thus, in order to prove validity, the relation between the heat and the entropy has to be considered and extension of our analysis outside the linear response regime has to be performed. For these purposes, it is interesting to analyze Langevin dynamics of spin-glass models with stochastic energetics [24, 21] .
On the other hand, in the aging regime, our results implies that the framework of thermodynamics cannot be applied at all even though an infinite time passes after the quench. However, since there is still a way to define a state function, i.e., the difference of a free energy defined as the minimum value of the quasistatic work and some universal properties of the response and the correlation function have been known, e.g., the effective temperature [5] , constructing thermodynamics for the aging regime is a fruitful and challenging problem to be investigated in the future.
We close by discussing an experiment to measure the quasistatic work of the quasiequilibrium regime, which gives a fundamental state function for thermodynamics in the quasistatic regime and is worth being measured in experiments. Our results in Sec. III for the measurement time dependence of the work shows how long measurement time is needed to reach the expected accuracy.
However, since the waiting time is long but finite in reality, the measurement time has to be finite in order to keep the experimental time scales in the quasiequilibrium regime. Otherwise, i.e., when the measurement time is of same order as the waiting time, the value of the work does not come close to that of the quasistatic work of the quasiequilibrium regime. Hence, one cannot expect that the value of the measured work coincide with that of the quasistatic work with arbitrary accuracy. In other words, the accuracy of measurement of the state function is bounded by the length of the waiting time.
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APPENDIX: DERIVATION OF THE LONG MEASUREMENT TIME BEHAVIOR
In this appendix, we derive the long measurement time behavior of the deviation from the quasistatic work for four types of relaxation of the correlation function described in Sec. III C.
The case where lim t→∞ t[C(t) − q] exists
In this section, we treat the case where lim t→∞ t[C(t) − q] exists, which includes the two cases where lim t→∞ t[C(t) − q] is equal to 0 and where the limit is equal to a finite value c.
We rewrite the deviation given by Eq. (3.4) by introducing K(t) defined as
The deviation is reduced to
At first, we consider the deviation when lim t→∞ t[C(t) − q] is equal to 0. Here, in order to prove that the deviation is proportional to the inverse of the measurement time △t, we show that the proportional constant is finite. The proportional constant is given as
Since lim t→∞ K(t) exists in the case, K(t) is finite. Hence, the order of the limit △t → ∞ and the integration can be changed. Thus, the proportional constant is given by
where K ∞ is defined by Eq. (3.6). Consequently, it is proved that the proportional constant is finite and the deviation is proportional to 1/△t. Next, we consider the deviation when lim t→∞ t[C(t) − q] is equal to a finite value c. In order to prove that the deviation is proportional to log △t/△t, we show that the proportional constant is finite. Dividing the region of integration of Eq. (A2) into five regions, the proportional constant is given by
We discuss the behavior of the function K(s△t) in each region. When s ≤ 1/△t, from the definition of K(t), Eq. (3.6), it is shown that
Thus, K(s△t) is finite even when △t → ∞. On the other hand, when s > 1/△t, we express the function K(s△t) by using a function defined as C(t) − q ≡ c/t + f (t), t ≥ 1:
Since lim t→∞ tf (t) = 0, the fourth term on the right hand side is finite even when △t is infinite. Thus, the behavior of the function is given as K(s△t) ≃ c log △t when s > 1/△t. By evaluating the each terms of Eq. (A5) with using the above behavior of the function K(s△t), it is straightforward to show that
Consequently, it is proved that the proportional constant is finite.
The case where lim t→∞ t[C(t) − q] does not exist
In this section, we treat the case where lim t→∞ t[C(t) − q] does not exist, which includes the two types of long-time behavior of the correlation function, such that C(τ ) ≃ q+c/τ α , 0 < α < 1 and C(τ ) ≃ q + c/ log τ .
In order to find out the leading term of the long measurement time behavior, we divide the region of integration of Eq. (3.4) into three regions as 
where we assume that the parameter a satisfies 0 < a < 1. Since all the integrants (the time derivative of the field and the correlation function) are finite, it is shown that the first two terms on the right hand side are bounded as
and
In addition, we notice that since s 2 ≤ s 1 − (△t) −a in the region of integration of the third term, (s 1 − s 2 )△t is large when the measurement time △t is large. Thus, the third term is determined by the long-time behavior of the correlation function.
At first, we treat the case where the correlation function behaves at a long time as
We divide the region of integration of the third term of Eq. (A9) into three regions as On the other hand, by using the long-time behavior of the correlation function, the first term is given as 
Thus, we find that this term is O[(△t) −α ]. Assuming the free parameter a is larger than the exponent α, one sees that the leading term is Eq. (A11) by comparing the orders of all the terms in Eqs. (A9) and (A10). Hence, the long measurement time behavior of the deviation is given by Eq. (3.8).
Next, we consider the case where the long-time behavior of the correlation function is given by C(τ ) ≃ q + c/ log τ . Again, we start by evaluating the third term on the right hand side of Eq. (A9). By using the long-time behavior of the correlation function, the term is given by 
Consequently, one sees that the leading term is the above one by comparing the orders of all the terms in Eqs. (A9) and (A10). Thus, the long measurement time behavior of the deviation is given by Eq. (3.9).
Finally, in order to determine the order of the neglected term we determine the value of the free parameter a, since the neglected term contain the free parameter a. Since in terms of a the order of the neglected terms are given as O(a/ log △t) and O[(△t)
−a ], we can determine the value of a so that the value of the neglected terms are minimized. Thus, assuming that the neglected term is given by αa/ log △t + β(△t) −a where α and β are constants, the value of a is determined by
Since the solution is a ≃ 2 log(log △t)/ log △t, one sees that the order of neglected term is O[log(log △t)/(log △t) 2 ] as shown in Eq. (3.9).
[23] The energy is scaled with a constant J which determines the variance of the coupling by giving probability distribution of coupling constants as [24] K. Sekimoto, J. Phys. Soc. Jpn. 66, 1234 (1997).
